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I. INTRODUCTION
Interaction of particles and waves with random rough walls has been studied for decades in various contexts from light and sound propagation to electron transport to gas dynamics and hydrodynamics ͑see Refs. 1-7͒. Repeated scattering of particles by random surface inhomogeneities leads to the formation of the mean free path, quantum interference effects, and localization. If the inhomogeneities are small, the quantum interference is weak and the wall-imposed localization length is large. [8] [9] [10] [11] [12] [13] Thus, the localization effects should be studied after or in the frame of the diffusion problem. [14] [15] [16] The aim of this paper is to describe diffusion flows between rough walls in thin films, wires, layers, quantum wells, waveguides, etc., explicitly via the statistic and geometric properties of wall roughness, namely, via the correlation function of surface inhomogeneities.
Recent advances in molecular-beam epitaxy, quantum waveguides and wells, and nanotechnology have renewed interest in this transport problem ͑early data are reviewed in Refs. 17 and 18; for recent data, see Refs. 19-34 and references therein͒. Many theoretical approaches to flows along rough walls involve either oversimplified specular, diffuse, or Fuchs boundary conditions, or overcomplicated integrodifferential boundary conditions [2] [3] [4] [5] [6] 35, 36 often ignoring the geometric and statistic properties of the surface. Perturbative expansions for weak roughness ͑see, e.g., Refs. 1, 2, 6, 7, 17, 27, 28, 33, 34, 37, 38 , and references therein͒ can take the shape of the surface into account, though the main attention is usually paid to the scattering S matrix rather than to the transport equation which is assumed to have a standard bulklike form. This assumption is often wrong. Below we derive and solve a rigorous quantum transport equation specifically for the situation when the scattering by random surface inhomogeneities is the main scattering mechanism. We introduce explicitly an effective bulk perturbation operator, which is exactly equivalent to the boundary problem with slight roughness, and derive a diagrammatic transport equation for this random operator. The transport equation is quantum in the direction perpendicular to the walls and is quasiclassical along the walls.
Ballistic transport between rough walls is determined by correlation of consecutive particle collisions with the opposite walls and by quantum multiple scattering by the same wall. These effects depend differently on intrawall and interwall correlations of surface inhomogeneities, and are determined by three spatial scales-the particle wavelength , distance between the walls L, and the correlation radii R i j of intrawall and interwall correlations. Our description of ballistic transport between random rough walls is valid for an arbitrary combination of these scales. The transport equation is solved, where possible analytically, in a wide range of parameters.
The main finding is that there is a range of parameters in which the quantum transport problem between rough walls is qualitatively different from transport with bulk impurity scattering and all previous versions of the transport equation 39, 23, 27, 28, 34, 40 fail. The anomaly occurs when the distance between the quantized energy levels ⍀ j j Ј for the motion across the film is comparable to the collision operator, 1/ ⍀ϳ1. In this quantum resonance region, transport cannot be described with the help of any single-wall S matrix and bulklike Boltzmann-Waldmann-Snider transport equation. In effect, our results provide the interference S matrix for scat-tering from two opposite walls with the quantized motion between them. In a wide range of parameters, this S matrix is simple despite the interference of scattering from the opposite walls. In the anomalous range, the S matrix is complicated and involves new supplemental correlators. The operator structure of this S matrix requires a major change in the form of the transport equation. Since flow channels are always restricted by two opposite boundaries, this anomaly is unavoidable in transport problems in the absence of bulk attenuation. We demonstrate how to solve this transport problem, and find the scope of deviation from the results based on a standard transport equation. Our procedure is mathematically rigorous, and all the restrictions are readily quantified. Unfortunately, all calculations for the anomalous region are extremely cumbersome.
In addition, we performed a systematic analysis of the transport manifestations of possible interwall correlations of surface inhomogeneities. These effects are more pronounced for quantized motion perpendicular to the walls. Sometimes, the interwall interference suppresses the quasiclassical limit for ballistic particles even for thick films.
Note that, in contrast, for example, to the diffraction problem or propagation through the layered media, the most important transport calculations for narrow channels are those for slight roughness. If the roughness is strong, the particles are dephased by each wall collision, and the transport problem becomes trivial. Formally, the results below are obtained for thin 2D films or quantum wells with random rough walls. These results, with minor modifications, can be applied to narrow 1D channels as long as we do not consider localization effects caused by scattering from random inhomogeneities, which are, of course, much stronger in 1D channels than in 2D films.
In the next section we discuss rigorous mapping of the boundary scattering problem onto the bulk. The standard diagrammatic technique operates with Hermitian operators and requires the Jacobian of mapping transformation to be J ϭ1. Therefore, we are forced to modify our original mapping transformation [40] [41] [42] to ensure that the Jacobian Jϭ1 and all operators are Hermitian. This modification becomes important in the anomalous region, and is unnecessary outside of it. In Sec. II we also correct an error in our previous expressions for matrix elements.
The diagrammatic transport equation for ballistic transport is derived in Sec. III with an emphasis on the deviation from the standard Boltzmann-Waldmann-Snider form when the gaps between the quantized levels for finite motion across the film are comparable to the wall-induced effective perturbation. The transport equation is compared with the one for the scattering by bulk impurities in quantum and quasiclassical limits.
In Sec. IV the transport equation is solved analytically in the limiting cases of large and small correlation radii of surface inhomogeneities. In Sec. V we calculate the transport coefficients, where possible analytically, for the Gaussian correlation of surface inhomogeneities in a wide range of parameters in quantum and quasiclassical regimes. In the anomalous region, we compare numerical results based on exact and standard transport equations. The analytical and numerical calculations reveal the nontrivial effect of interwall correlations on transport. The comparison with other recent transport data is discussed in a separate subsection. The final section presents the summary of our results.
II. MAPPING OF BOUNDARY SCATTERING ONTO THE BULK
One of the simplest rigorous derivations of the scattering operator for random rough walls is based on a coordinate transformation that flattens the boundary and transfers inhomogeneities to the bulk equations of motion. This idea has been used for electromagnetic and acoustic wave scattering, diffraction patterns, wave guides, etc., for many years ͑see Refs. 2, 6, 8, 9, 39, [43] [44] [45] [46] [47] [48] [49] , and references therein͒. One of the earliest examples is the Migdal transformation in nuclear physics. The use of the Migdal-like transformation for transport problems was discussed in Refs. 50 and 51, but without an explicit expression for the coordinate transformation. Independently, [40] [41] [42] we suggested an explicit form of a necessary coordinate transformation and expressed transport and localization parameters for ballistic transport in systems with random rough walls explicitly via the wall profile, namely, via the correlation function of wall inhomogeneities. Later, the same transformation was used for conductance in 1D rough cylindrical wires. 52 This mapping of the random boundary problem onto a problem with a random bulk Hamiltonian provides a basis for a rigorous perturbation expansion for slight roughnessroughness with small amplitude and aperture of surface inhomogeneities. What is missing is a rigorous transport equation for such a Hamiltonian: our previous heuristic treatment in the frame of the same transport equation as for the usual bulk imperfections ͑impurities͒ is not always adequate because of peculiar operator properties of the effective collision operator. These anomalies are quite general and restrict application of other transport calculations. 2, 23, 28, 34, 48 
A. Mapping transformation
We consider an infinite 2D channel of the average thickness L with rough boundaries
The inhomogeneities are small, 1 (y,z), 2 (y,z)ӶL, and 
which made the walls ͑1͒ flat, XϭϮL/2, and did not change the coordinates along the walls, Y ϭy, Zϭz. The Jacobian J of such transformation J 1 and the Hamiltonian Ĥ ϭp 2 /2m in momentum variables ͕P x,y,z ͖ canonically conjugate to ͕X,Y ,Z͖ contained the non-Hermitian terms.
We dealt with this either by symmetrizing the perturbation V →(V ϩV † )/2 in Refs. 41 and 42, or by ignoring the nonHermitian nature of V in Ref. 40 . As we will see, both approaches are correct in the range of parameters in which the transport equation keeps its standard form. Beyond this range, the symmetry properties of the perturbation are crucial. Rigorous diagrammatic derivation requires that all operators are Hermitian and coordinate transformations have the Jacobian Jϭ1. Thus, we are forced to supplement the stretching of the film thickness ͑5͒ by isotropic stretching of coordinates (y,z) along the film to have Jϭ1:
B. Effective Hamiltonian and scattering probabilities
In new momentum variables p→P, which are conjugate to Eqs. ͑5͒ and ͑6͒, the bulk Hamiltonian Ĥ ϭp 2 /2m acquires the form
where the indices (i,k) take the values (y,z). Equation ͑7͒ differs from Refs. 40-42 by the presence of Ϫ and the integral terms with ␥͑s͒ originating from Eq. ͑6͒. The perturbation expansion with the Hamiltonian ͑7͒ linearized in requires small and smooth inhomogeneities,
lӶL,R. ͑8͒
The condition lӶR does not restrict our approach to the large-size inhomogeneities. The physical scale for the correlation range is defined by the particles wavelength and not by the height of inhomogeneities l. For longwave particles ӷR, the correlations are essentially ␦-like ͑4͒. The exact profile of ik is important only for ϽR. The non-Hermitian operator X P x in V i ͑7͒ is the source of all anomalies. The terms with ␥ in Eq. ͑7͒, related to the transformation ͑6͒, make the full perturbation V Hermitian at a price of more cumbersome equations than Refs. 40-42. The nondiagonal structure of the scattering vertex, which is determined by V , hinders the derivation of the transport equation. This complication is not an accidental peculiarity of our method. The off-diagonal terms reflect the fact that the film thickness is changing randomly along the film leading to the violation of the conservation law for P x even after averaging. As a result, the scattering vertex is always nondiagonal with nontrivial operator properties. 50, 53 The transformations ͑5͒ and ͑6͒ reduce the transport problem between rough walls to an equivalent transport problem with ideal specular walls ⌿(L/2)ϭ⌿(ϪL/2)ϭ0 and distorted bulk Hamiltonian ͑7͒. In thin films, the unperturbed motion of particles across the films is quantized, ( P x ) j ϭ j/L, with the wave functions
(v 0 is the volume). The matrix elements of V are
Even without the terms with ␥ and Ϫ , the matrix elements ͑10͒ are slightly different from those in Refs. 42 and 40 because of an error in our previous expressions. The randomness of inhomogeneities, ͗͘ϭ0, means that ͗V ͘ ϭ0. All nonvanishing averages start from the quadratic combinations of the matrix elements V qj,q Ј j Ј . The transition probabilities W in the collision operator in the transport equation are quadratic in V ͑10͒ and can be expressed, after averaging over random functions , via the correlation functions : 
where ͗ ͘ stands for the averaging over , the ''supplemental'' correlation functions ii are
e is the unit vector perpendicular to q in the plane of the wall ͑since W is quadratic in e, a choice of two possible orientations of e is irrelevant͒, and the correlation functions in Eq. ͑11͒ are ik (q 1 ЈϪq 1 ) and ik (q 1 ЈϪq 1 ).
͑11͒ is only a part of the transition probability
; the expression for
is given in the Appendix.
C. Standard Waldmann-Snider transport equation
Heuristically, [40] [41] [42] 
is often called the Waldmann-Snider equation. 54 The perturbative collision integrals L j are determined by the transition probabilities
gives the part W j j Ј j Ј j (1) (q,qЈ) of the full transition probability WϭW (1) ϩW (2) in Eq. ͑14͒: 
can be found in the Appendix. Since the terms with (q 2 ϪqЈ 2 )␦ j j Ј do not contribute to Eq. ͑13͒ because of the energy ␦ functions ␦(⑀ jq Ϫ⑀ j Ј q Ј ) in the integrand ͑14͒, Eq. ͑15͒ can be simplified:
͑16͒
For the same reason, the terms with W j j Ј j Ј j (2) (q,qЈ) from the Appendix disappear completely from the Boltzmann-WaldmannSnider transport equation ͑13͒:
͑the difference from Refs. 41, 42, and 50 is explained by the above-mentioned difference in the matrix elements͒. The equation is quasiclassical along the walls and quantum in the transverse direction and requires, apart from condition ͑8͒, one of the two quasiclassical conditions
Note that the simplicity of the collision operator ͑17͒ is not accidental and is common to a wide range of problems with rough surfaces and interfaces as long as the collision operators contain the energy ␦ function. A similar transport equation was used recently, though without the interwall term, in Refs. 23, 28, and 34. The heuristic transport equations ͑13͒ and ͑17͒ can be wrong even under conditions ͑8͒ and ͑18͒.
III. DERIVATION OF THE TRANSPORT EQUATION
A. Diagrammatic derivation
To derive a rigorous transport equation for particles with the Hamiltonian ͑7͒ in finite films, we use the Keldysh procedure and notations of Ref. 55 in combination with the averaging technique. 56 In principle, we could use alternative diagrammatic techniques. 57, 56 In multiband systems ⑀ jq , these techniques require an inversion of large matrices. In contrast to scattering by bulk impurities, these nondiagonal matrices cannot be inverted analytically, thus requiring numerical calculations from the start. The use of the transport equation postpones the inversion problem to the last stage, namely to the stage of solving the transport equation. This allows us to find an analytical dependence of transport coefficients on physical parameters.
In films with quantized motion ( P x ) j , the single-particle distribution is a matrix in the indices j,
The Fourier image of the equilibrium Green's function
where the Ϯ components of the matrix Ĝ j (0) are
As usual, the transport equation is determined by the diagram in Fig. 1͑a͒ ,
where the index (V) in Ĝ j j 1 (V) denotes the nonequilibrium Green's function without interaction V and d⌫ i ϭd i d 2 q i /(2) 3 . In The second relevant diagram differs from Fig. 1͑a͒ by having the bold line to the left of the interaction. To get the transport equation, we multiply these two diagrams by G (0)Ϫ1 ͑the first one by Ϫ⑀ jq ϩ, the second one by ЈϪ⑀ j Ј q Ј ϩ), and subtract one from another. Then the left-hand side ͑LHS͒ becomes
After we separate slow and fast variables and perform the Fourier transform over the slow ones,
where we multiplied the equation by Ϫi and introduced the interband transition frequencies
To get the equation for the distribution function from the equation for G j j Ј Ϫϩ , we integrate the equation over the fast frequency variable:
͑26͒
Finally, the LHS ͑24͒ of the transport equation reduces to a usual form
͑27͒
The same operations should be performed over the collision operator on the right-hand side ͑RHS͒ of the equation.
B. Collision operator
In the lowest order in V , we can disregard V in the remaining full Green's function Ĝ j 2 ЈjЈ ( 2 Ј ,q 2 Ј ;Ј,qЈ) in the RHS of Eq. 
where G j R (,q) and G j A (,q) are the usual unperturbed retarded and advanced Green's functions, FIG . 1. Nonvanishing diagrams ͑a͒ before and ͑b͒ after averaging over surface inhomogeneities. The diagram ͑a͒ is exact; ͑b͒ is truncated in the second order. PRB 58
After we separate fast and slow variables as in Eq. ͑23͒,
the integrand in Eq. ͑28͒ reduces to
where q Ϯ ϵqϮk/2, q 0 Ϯ ϵq 0 Ϯ/2, and q 0 is the temporal ͑frequency͒ component of the 3-vector (q 0 ,q).
The Green's functions G A,R ͑29͒ contain both singular ͑␦-type͒ and regular ͓ P(1/x)͔ contributions. Under the usual circumstances, when the equation contains only the diagonal components of the Green's functions g j j , the regular parts disappear from the differences G j A ϪG j R and from the equation, and the Green's functions can be expressed via the deviation of the single-particle distribution from the equilibrium ␦n j j :
Then the transport equation for the Green's function reduces to a standard Boltzmann-Waldmann-Snider equation ͑13͒. This is not the case when the equation contains the offdiagonal Green's functions g j j Ј , and the differences G j A ϪG j Ј R retain the principal part integrals P(1/x).
C. Coupling to off-diagonal Green's functions
The coupling to off-diagonal Green's functions ␦G j j Ј is important only when the separation between the energy levels ⍀ j j Ј is comparable to transition probabilities W,
e., for not very thin films.
and all the difficulties disappear. The opposite case ⍀ j j Ј ( j jЈ)ӶW is effectively a single-band case and is also simple.
The coupling to off-diagonal components of the Green's function ␦G j j Ј in Eq. ͑30͒ hinders the transition from the transport equation for the Green's function g j j Ј to the equation for the distribution functions ␦n j j Ј : the integration of the type ͑26͒ cannot transform simultaneously all the Green's functions ␦G j j Ј in Eq. ͑30͒ into ␦n j j Ј . In other words, it is impossible to represent all ␦G j j Ј in the form ͑31͒ so that all the ␦ functions in the equations get canceled out in the same uniform manner as in the case of purely diagonal equations. At present, we can solve this problem for low-temperature degenerate systems T→0 by using the method that we have developed recently 58 for the spin dynamics of the offdiagonal single-particle density matrix n ↑↓ in spin-polarized Fermi liquids. ͑The same approach to high-temperature systems is less constructive: it leads to an extra integral equation instead of a finite set of linear equations as in the case of degenerate systems.͒ The main difference from Ref. 58 is that Ref. 58 describes a two-level exchange system for which the interaction does not depend on the energy level and reduces to products of Kronecker ␦'s in level indices j. As a result, we performed the exact summation of all diagrams and calculated the Fermi liquid renormalizations to the transport equation. Our present multiband system with large indices j requires inversion of large matrices. Since the interaction depends explicitly on the band indices j and does not reduce to a product of Kronecker symbols in indices j, the explicit analytical inversion is impossible and the Fermiliquid renormalizations cannot be calculated.
In the anomalous region ⍀ j j Ј ϳW, we can split g j j Ј into regular (R) and singular (S) parts, g j j Ј ϭg j j Ј R ϩg j j Ј S where the singular part contains the ␦-type factors ␦(Ϫ⑀ jq ϩ).
S only in the integrands,
where ⑀ jq Ϯ ϵ⑀ j (qϮk/2). Here the difference of the principal parts P(1/x) is of the order of Ϫk•q/mϪ⍀ j j Ј and is, therefore, of the order of W. Then the whole integrand ͑32͒ is of the second order in W and is small. Since most of the terms with g j j Ј R in the same equation are of the first order in W, this makes g j j Ј R Ӷg j j Ј S . This, in turn, means that g j j Ј R can be neglected in the integrands ͑28͒ and ͑32͒ of the collision operator in the equation for g j j Ј S :
Without the off-diagonal Green's functions g j j Ј
S , all the ␦ functions in each term would be the same, and Eq. ͑33͒ could be easily written on this single mass surface as an equation for ␦n j j Ј using Eq. ͑31͒. With the off-diagonal Green's functions g j j Ј S in Eq. ͑33͒, the terms contain different ␦ functions. Thus g j j Ј S cannot be written consistently in the form ͑31͒ with a single ␦ function, but should contain a linear combination of all these ␦ functions incorporating, therefore, all relevant mass surfaces
Finally, the kinetic equation becomes a set of equations for partial distributions ␦n j j Ј iϮ :
where the integrand
The equation for ␦n j j Ј iϪ (q 0 ,q)ϭ͓␦n j j Ј iϩ (q 0 ,q)͔ † is the Hermitian conjugate to Eq. ͑36͒ with k→Ϫk, →Ϫ. This equation should be compared with a standard kinetic equation which involves only diagonal states and can be written as a set of equations for densities of particles ␦n j ϭ␦n j j j on each level:
with the integrand Q j j 1 Ј ϩ (k,q;q 1 ),
D. Transport equation
Equations ͑36͒ and ͑37͒ are quantum kinetic equations with finite and k. For transport problems, we should consider these equations in a quasiclassical ͑and hydrodynamic͒ limit for the motion along the film ͑the motion across the film remains quantized͒. In other words, we should expand these equations in small k and , and, for transport calculations, put ϭkϭ0 in the collision integral Q. Then Eq. ͑36͒ reduces to 
In the latter equation, the principal part integrals from G j 1 Ј R and ϪG j 1 Ј A ͑29͒ cancel each other while the ␦-type contributions are the same, and we return to the same Waldmann-Snider equations ͑13͒ and ͑17͒ as the one that we used earlier:
41,42,40
The transport equation ͑38͒ is a set of integral equations in the partial densities ␦n j j Ј i which describe the Green's functions ␦G j j Ј on a set of mass surfaces. This situation is typical for transport problems which involve the off-diagonal states. The main obstacle to solving this set is a rapid growth in a size of the set with increasing number S of occupied minibands ⑀ j . While the standard Waldmann-Snider transport equation ͑39͒ consists of S integral equations for complex variables ␦n j ϵ␦n j j j , the number of coupled integral equations ͑38͒ for ␦n j j Ј i increases as S 3 . This makes an exact solution for systems with a large number of bands, as in the Boltzmann temperature range, practically impossible. For degenerate Fermi systems, the situation is better: the energy ␦ functions ␦"⑀ j (q)Ϫ⑀ F … automatically reduce the integral equations in q to a set of S 3 linear equations at qϭq jF for a finite number of bands S. These equations can be solved explicitly even for a fairly large number of bands S.
Calculation of transport coefficients, such as diffusion, mobility, or conductivity , should be done using the transport Eq. ͑38͒ in which we can disregard the principal part integrals in
where F is the external force ͑electric field͒ and is the chemical potential ͑Fermi energy͒. The disregarded integrals compensate neglected diagrams of the first order in V , but with V expanded up to the second order in . This compensation is similar to the cancellation of Fermi-liquid renormalizations for Larmor frequencies of spin waves at kϭ0. In degenerate systems, we look for the solutions in the form of angular Fourier harmonics on the Fermi surfaces:
Then all the energy ␦ functions in Eq. ͑41͒ get canceled:
where q j is the Fermi momentum on the level j,
with ͉q͉ϭq i and ͉q 1 ͉ϭq l , (or 1 ) is the angle between F and q (or q 1 ), and is the angle between q and q 1 .
Only the first angular Fourier harmonic ␦n j j Ј i(1) of the distribution ͑42͒,
contributes to conductivity,
The equation for this harmonic has the form
͑46͒
If one uses the simplified transport equation ͑40͒, then the analogs of Eqs. ͑46͒ and ͑45͒ are the standard equations
E. Comparison with scattering by bulk imperfections
Transport processes with scattering by bulk impurities almost never exhibit any anomalies related to the off-diagonal terms in j. This difference between bulk-defined and walldefined transport should be explained.
Wall-defined transport requires averaging of surface inhomogeneities along coordinates y,z ͑11͒, which results in the 2D ␦ function ␦(q 1 Ϫq 2 Ј), i.e., the average momentum conservation law along the walls. There is no averaging over coordinate X described by discrete indices j. Therefore, the transition probabilities ͑11͒ W j 1 j 1 Јj 2 j 2 Ј contain terms both with Kronecker symbols ␦ j 1 j 1 Ј or ␦ j 2 j 2 Ј , originating from the terms in energy that do not depend on X ͑a discrete analog of momentum conservation for P x ), and the off-diagonal terms originating from XP x . The latter terms are responsible for all anomalies.
For bulk impurities, it is usually assumed that the distance between the impurities r i ӶL. Then there is an additional averaging over the impurity distribution across the film which leads to an effective homogenization along X and the momentum conservation law, i.e., to the ␦ function over the indices j,
where N i is the concentration of the impurities and U is the potential distortion caused by a single impurity. What is more, scattering processes by different impurities are often assumed to be independent, meaning that the particle wavelength Ӷr i ӶL. This, in turn, means that the motion across the film is quasiclassical, and the discrete indices for the motion across the film should be replaced by continuous conserved momenta p x :
Then ␦n j j Ј i (q) are replaced by ␦n(p)␦ j j Ј ␦ i j , and we recover a standard classical transport equation. We will discuss the quasiclassical limit for Eq. ͑38͒ in more detail in the next subsection. If the number of bulk impurities on the thickness of the film is not large, there is no averaging over the coordinate X. In this case, one can neglect the off-diagonal terms in the transport equation only if the matrix U j j Ј is diagonal. If U j j Ј is not diagonal, one immediately encounters the same problems as in the preceding sections for scattering by rough walls, and the transport equation for thin films with impurities assumes the anomalous form ͑38͒. We did not find the analysis of this situation in the literature.
F. Quasiclassical limit
In general, one should be cautious when studying the quasiclassical limit of thick films for ballistic particles. There is always some constructive or destructive interference between direct and reflected particles depending on whether the quantum numbers j are even or odd. Without bulk attenuation, this interference does not disappear irrespective of how thick is the film. Therefore, the situation is not ''quasiclassical'' in a rigorous sense, and there could be a residual oscillatory dependence on the level index even for thick films. This situation is analogous to the following well-known paradox in optics. Suppose one wants to evaluate optical reflection from a semi-infinite space by using the results on reflection from films in an infinitely thick film limit. To get the classical result, one should not only take the limit of very thick films, but should also introduce some infinitely small bulk attenuation. Without the attenuation, the results strongly depend on whether the film thickness is equal to an even or odd number of half wavelengths, and a unique thick film limit simply does not exist. In this paper we disregard bulk attenuation and some of the results for ''quasiclassical'' thick films retain residual quantum features of interwall interference.
The quasiclassical thick film limit Lӷ involves a large number of energy minibands Sӷ1 with a narrow spacing ⍀ j j Ј ϭ( 2 /2mL 2 )( j 2 Ϫ jЈ 2 ) and large quantum numbers, j ӷ1. The interband transitions j↔ jЈ are significant, according to Eqs. ͑10͒ and ͑11͒, only for 1ϳ͉ jϪ jЈ͉Ӷ j, jЈ. We introduce continuous variables as j/L→p x ϩk x /2, jЈ/L → p x Ϫk x /2, and ⍀ j j Ј ϭp x k x /m with k x Ӷ p x . In the collision integral ͑30͒, we, as usual, neglect and k thus disregarding the gradient terms and replacing g j j Ј for small ͉ jϪ jЈ͉ by diagonal g j j :
͑in the LHS, p and k are already the 3D vectors, while in the RHS we still have 2D vectors q and summation over discrete variable jЈ). Now we can introduce the density Eq. ͑31͒:
In W j j Ј j Ј j (q,qЈ,qЈ,q) ͑15͒ we should keep only the terms ͑16͒ that do not vanish in combination with the energy ␦ function in the integrand,
The last, oscillatory term with (Ϫ1) jϩ jЈ violates the quasiclassical nature of this expression and describes the inherent interference for ballistic particles reflected from the opposite sides of the ͑thick͒ film which is mentioned in the beginning of this section. Without interwall correlation, 12 ϭ0, or when the averaging ͑summation͒ over jЈ makes this oscillatory term disappear, we get the truly quasiclassical transport equation
The same equation appears in the presence of small residual bulk attenuation, which makes the interwall correlations irrelevant for thick films. In two cases, the complication caused by the oscillatory terms (Ϫ1) jϩ jЈ 12 can be circumvented. The core issue is the dependence of the correlation function on the quantum numbers j, jЈ. If the correlation function is a slow function of jЈ, then the summation over jЈ in Eq. ͑49͒ with W ͑50͒ makes the contribution from the rapidly oscillating interwall term with (Ϫ1) jϩ jЈ 12 small in comparison to the intrawall term 11 ϩ 22 , and one recovers Eq. ͑51͒. If the wall-induced interband transitions are suppressed in comparison with the intraband scattering, the dependence of the correlation function on the quantum numbers j, jЈ reduces to ␦ j j Ј . Then the correlation functions ik (qЈϪq) effectively contain the ␦ functions ␦(qЈϪq), and the summation over jЈ becomes trivial:
͑52͒
A simple ''quasiclassical'' extrapolation for the oscillating interwall term (Ϫ1) jϩ jЈ 12 is to replace it by 12 cos͓L(p x Ϫp x Ј)͔:
͑53͒
A more accurate quasiclassical approach to the oscillating term in Eq. ͑50͒ for the Gaussian correlation function in the whole range of parameters ͑especially when RϳL) is virtually impossible. It is easy to see that transport beyond the limiting cases ͑51͒ and ͑52͒ is dominated by particles with low quantum numbers j and the accuracy of the quasiclassical approach is relatively low anyway.
IV. GENERAL ANALYTICAL RESULTS FOR TRANSPORT COEFFICIENTS
One of the difficulties in solving the transport equation is the large number of accessible minibands S which results in a high rank of the matrix transport equation. The transport equation has simple analytical solutions in three limiting cases of narrow clearances, R/Lӷ1, single-band occupancy, and long-wave particles, p F RϳRS/LӶ1. In these cases, the difference between the standard and anomalous equations ͑46͒ and ͑47͒ is insignificant, and one should analyze only Eq. ͑47͒. In the first case, the gaps between minibands ⑀ j are large in comparison to the wall-induced perturbation, and the collision-induced interband transitions are ineffective in comparison with the intraband scattering. This makes the matrix W j j Ј diagonal and simplifies the oscillating interwall term in W j j Ј ͑16͒. Then is determined by the angular harmonics of the correlators ik (q j Ϫq j Ј) on the Fermi surfaces ⑀ jq ϭ:
The dependence on the interwall correlations 12 is trivial and remains the same even in the quasiclassical limit.
In the case of single-band occupancy, the matrix equation becomes scalar with the result the same as Eqs. ͑54͒ without summation:
For the long-wave particles, the 2D scattering is almost specular irrespective of the details of the scattering potential ͑quantum reflection͒. All the scattering probabilities are constants with the first harmonic equal to zero, and the summation over jЈ yields
Since the terms with the smallest j make the largest contribution to the sum, the contribution of the interwall term ⌶ is an oscillating function of the total number of the occupied miniband S. The interwall term ⌶ rapidly declines with the increase in S and disappears in the quasiclassical limit S ӷ1. The typical behavior of the conductivity ͑56͒ at p F R ϳRS/LӶ1 for moderate S is illustrated in Sec. V D.
For the intermediate values of R, the contribution of interwall correlations should be studied numerically for particular forms of the correlation functions of surface inhomogeneities.
V. TRANSPORT COEFFICIENTS FOR GAUSSIAN CORRELATIONS OF SURFACE INHOMOGENEITIES
A. Parametrization of equations
In this section we supplement general expressions by analytical and numerical solutions for Gaussian correlations of surface inhomogeneities ͑3͒. For numerical calculations we need to rewrite the equations and matrix elements W j j 1 Јj 2 j Ј (0,1) in dimensionless variables similar to those used in Ref. 40 .
The 2D density of spin-1 2 particles N j and the longitudinal Fermi momentum q j in each occupied miniband j are given by the overall chemical potential ͑Fermi energy͒ ϭ⑀ F as
while is determined self-consistently by the total density of particles N,
where S is the number of occupied minibands. 
reduces to the set of dimensionless linear equations
while the conductivity is described by the dimensionless function
In the same notations, the standard transport equation ͑47͒ has the form
Further calculations require specific expressions for transition probabilities W ͑11͒, ͑16͒, and ͑62͒.
B. Transition probabilities
Though it is possible to perform the computation with all parameters in the correlation functions i j , i j , it is worth limiting the number of independent parameters. We assume that all the intrawall and interwall correlation radii R ik are the same, while the average heights l i j of inhomogeneities are different, l ik 2 ϭa ik l 2 , though of the same scale l,
Then the harmonics W j j Ј j Ј j (0,1) (z j ,z j Ј ) ͑11͒ in the simplified transport equation Eq. ͑65͒ are equal to
The zeroth and first angular harmonics Q 0 (0,1) of the exponent in the correlation function i j ͑66͒ are expressed via hypergeometric functions 1 F 1 in the same way as in Refs. 42 and 40:
In the next subsection, we compare transport coefficients given by the full transport equation ͑63͒ and its simplified version ͑65͒. Since the full equation is already too cumbersome, we assume, for this particular task, that all normal and supplemental intrawall correlations ii , ii are the same, and that there are no interwall correlations: 11 
͑70͒
have the angular harmonics W j j 1 Јj 2 j Ј (0,1) (z i ,z l ),
͓both Greek indices ␣,␤ take the values ͑0,1͔͒. The hypergeometric integrals Q 0 (0,1) are given by Eq. ͑68͒; integrals Q 1 cannot be expressed via special functions.
C. Transport in the anomalous region
This subsection illustrates the role of anomalous offdiagonal terms in the transport equation. We performed numerical calculations for conductivity on the basis of the full transport equation ͑63͒ and ͑64͒ and the standard equation ͑65͒ for the same values of parameters. We used the transition probabilities W with the Gaussian correlation of surface inhomogeneities ͑3͒ assuming that all the intrawall correlators are the same for both walls, and that there are no interwall correlations. For the full transport equation we used the transition probabilities ͑70͒, and for the simplified equation we used Eq. ͑67͒ with a 11 ϭa 22 ϭ1, a 12 ϭ0.
Let us specify the range of parameters where one should expect noticeable off-diagonal contributions. The offdiagonal terms should be retained when ⍀ j j Ј ϳW, i.e., according to Eq. ͑68͒, when
where we disregarded all numerical factors and approximated 1 F 1 (3/2,2,Ϫx) as 1/͓1ϩx 3/2 ͔. The difference S 2 Ϫ j 2 is either of the order of S 2 or of the order of S. If S 2 Ϫj 2 ϳS 2 , then Eq. ͑72͒ is always violated, ⍀ j j Ј ӷW, and we return to the simplified transport equation. Equation ͑72͒ can be valid only for
and either for
Only then is there a noticeable difference between the full and simplified transport equation.
The computations with large values of S are very difficult since the number of equations ͑63͒ grows as 2S 3 . To see the off-diagonal contributions at moderate S, we should consider noticeable amplitudes l, though within the limits of the perturbation theory ͑8͒, lӶL,R. The conditions ͑74͒ and ͑75͒ break down both at small Sϳ1 and at very large values of S. Since the number of occupied bands S is a monotonic function of the density of particles N ͑or dimensionless variable z), the difference between the full and simplified transport equations can be observed only at intermediate values of S ͑or z).
This effect is illustrated in Fig. 2 for a 11 ϭa 22 ϭ1, a 12 ϭ0, R/Lϭ0.5, and the amplitude of inhomogeneities l/R ϭ0.2. For these values of R and L, the largest deviation of the full function ⌸(z,R/L) ͑64͒ ͑bold line in Fig. 2͒ from the function ⌸ (z,R/L) ͑65͒ calculated from a standard transport equation without off-diagonal terms ͑dotted line͒ should be observed at SϷ13 when the number of equations exceeds 4000. After that, the two curves should start to converge again. Since all the coefficients in the equations are compli-cated hypergeometric integrals, memory limitations allowed computation only up to Sϭ10 when the anomalous offdiagonal contribution exceeded 10%. To shift the maximal effect to smaller values of S, one would have to perform computations for inhomogeneities with larger l. This, in turn, would lower the accuracy of all expressions.
Small spikes on the bold line correspond to filling of higher energy bands with the increase in the number of particles z. It is not clear why the solution of the simplified transport equation does not exhibit these singularities for the same set of parameters. In general, our analysis of the simplified equation in Ref. 40 showed that the acuteness of these singularities strongly depends on the value R/L ͑see below͒. Figure 2 demonstrates that the conductivity in the anomalous regions ͑74͒ and ͑75͒ differs significantly from its value given by the standard transport equation. The data in Fig. 2 are the first exact transport computations for the anomalous region.
D. Analytical results: Quantized motion
In this subsection we present analytical results for the conductivity for Gaussian correlation of surface inhomogeneities outside the anomalous regions ͑74͒ and ͑75͒ in the same limiting cases as in Sec. IV B, namely, when R/Lӷ1 or p F RӶ1 for an arbitrary number of occupied bands S ͓the Fermi momentum p F 2 ϭ2N/Sϩ(/L) 2 (Sϩ1)(2Sϩ1)/6] and for the case of single-band occupancy.
In the first case, R/Lӷ1, both walls are very close to each other, and multiple scattering occurs within the same inhomogeneity. In this case z j ( 2 R 2 /2L 2 )ӷ1 ͑except, maybe, for the highest miniband in which the number of particles z S can be small͒ and the exponents exp͓Ϫ(
2 ͔ in functions Q 0 (0,1) ͑68͒ are negligible for all j jЈ and can be replaced by the Kronecker symbol ␦ j j Ј . This means that the interband transitions are effectively suppressed, and the set of equations ͑65͒ is diagonal:
Then the conductivity ͑65͒ is equal to
For all terms in the sum, except maybe the last one, for which z S may be small, the argument of the hypergeometric function is large, 2 2 R 2 z j /L 2 ӷ1. Since
͑78͒
the conductivity ͑77͒ reduces to ͓cf. Eq. ͑54͔͒
Eq. ͑64͒ ͑solid line͒ and ⌸ (z,R/L), Eq. ͑65͒ ͑dotted line͒, as a function of particle density zϭ2NL 2 / for R/L ϭ0.5 and R/lϭ5, a 11 ϭa 22 ϭ1, a 12 ϭ0.
Even for not very large S, the second term in the square brackets is small in comparison with the first one, while the sum itself converges faster than the sum ͚1/j 4 ϭ 4 /90Ӎ1.082 and is squeezed between (Ϫ1) 5/2 and 1.082(Ϫ1) 5/2 . Therefore, it is sufficient to leave in this equation only the first few terms in the sum,
is a smooth function of the number of particles zϭ2NL 2 /, and the singularities in the points where S changes by 1 ͓an appearance of a new term in the sum ͑80͔͒ are not noticeable.
In the case of single-band occupancy ͑55͒, the general result for conductivity is similar to Eqs. ͑77͒:
The function ⌸ (z,R/L) ͑79͒ is plotted in Fig. 3 for R/Lϭ50, a 11 ϭa 22 ϭ1, and two values of a 12 , a 12 ϭ0 ͑thick line͒ and a 12 ϭ0.75 ͑dotted line͒. The intermediate line presents the quasiclassical results for a 12 ϭ0 and the same value R/L. All the curves, in accordance with Eq. ͑79͒, are simple monotonic functions of the number of particles z; the effect of interwall correlations ͓a 12 in the denominators ͑77͒-͑80͔͒ is noticeable, though trivial.
In the second limiting case p F RӶ1, the parameters Rͱz j /LӶ1, and all the hypergeometric functions in coefficients Q ͑68͒ are equal to 1. Then the set of transport equations ͑65͒ reduces to Figure 5 presents the blow-up of the initial part of Fig. 4 for small numbers of particles z ͑small number of occupied states S) on a different scale.
Equation ͑84͒ contains the number of filled levels S(z) explicitly in the denominator. In the points zϭZ S ϭS 3 ϪS(Sϩ1)(2Sϩ1)/6 the number of levels S increases by ⌬Sϭ1 and we see sharp drops in ⌸ (z,R/L). The relative amplitude of these singularities should decrease with increasing S as 1/S. Also, with increasing S, ⌸ ͑84͒ becomes less and less dependent on the interwall term with a 12 and the solid and dotted curves in Fig. 4 (large S) merge. The difference between these two curves at small S ͑Fig. 5͒ is quite large. Later, we will discuss the effect of interwall correlations in more detail.
This function still contains sawlike singularities in the points zϭZ S where S(z) increases by 1.
E. Analytical results: Quasiclassical motion
In the case of Gaussian correlations ͑66͒, the quasiclassical transport equation ͑51͒, ͑52͒ has the form 
where ͕â ͖ is an appropriate combination of amplitudes a ik from Eqs. ͑51͒ and ͑52͒, ϭpL/ is the dimensionless momentum, the number of particles z()ϭϪ 2 with momentum is the quasiclassical analog of the discrete z j ϭ2N j L 2 /, and ()ϭϪ 4 l 2 ␦n()/FL 3 describes the deviation of the distribution function from equilibrium. In these notations, the conductivity is
͑87͒
In the limiting case p F RϳRͱ/LӶ1 and Sϳͱӷ1, as in the corresponding quantum case, the interwall correlations vanish from the equation, and the proper combination of amplitudes is ͕â ͖ϭa 11 ϩa 22 . The arguments 
.
͑89͒
This curve is presented as a bold line in Fig. 6 for R/L ϭ10 Ϫ3 . The sawlike thin line presents the exact quantum expression ͑85͒. The highest values of z in this figure correspond to more than a hundred occupied bands. At even higher values of the number of particles z, the inequality p F RϳRS/LӶ1 will be violated, and the quasiclassical and quantum curves will diverge.
In the opposite limiting case, R/Lӷ1 
This curve for R/Lϭ50 and a 12 ϭ0 is presented in Fig. 3 ͑thin line͒. The divergence between the quantum and quasiclassical curves is caused by a choice of the cutoff parameter and is deceptive. The cutoff parameter reconciles Eq. ͑90͒ with the main term 5/2 in Eq. ͑80͒. As a result, the relative difference between the quasiclassical and quantum curves decreases with an increasing number of particles z, while the absolute value of this difference goes up as 3/2 . For quasiclassical calculations in the intermediate range, one can use Eq. ͑53͒, which reproduces the limits ͑89͒ and ͑90͒, and provides a good approximation in-between. As it was mentioned earlier, the accuracy of the quasiclassical approach in this intermediate range is low.
F. Effect of interwall correlations of inhomogeneities
The effect of interwall correlations a 12 0 on conductivity is determined by the oscillating term (Ϫ1) jϩ jЈ a 12 in transition probabilities ͑16͒ and ͑67͒ and strongly depends on R/L.
In general, the correlations of inhomogeneities affect the motion of particles either as a result of interference of consecutive ''classical'' collisions or as a result of a purely quantum multiple scattering on the scale of the particle wavelength. While the intrawall correlations are important only for the second effect, the interwall correlations can appear, depending on the parameters, as a result of both effects.
The consecutive scatterings from the opposite walls are correlated only to the extent to which the inhomogeneity (y 2 ,z 2 ) in the place of the second collision is correlated with the inhomogeneity (y 1 ,z 1 ) in the place of the first one. If the walls are very close, R/Lӷ1, the (y,z) coordinates of both collisions are close to each other, and both scattering processes occur on the ''same'' inhomogeneity ͑if the inhomogeneities on the opposite walls are correlated͒. Then the transport coefficients in the second order in scattering should depend on the interwall correlations a 12 in the same way as on the intrawall ones. In agreement with this simple explanation, the conductivity at large values of R/L is a monotonically decreasing function of a 12 , Eq. ͑79͒ for all values of S, and the correlation amplitudes enter in the combination a 11 ϩa 22 ϩ2a 12 . This result is illustrated in Fig. 3 ͑the solid line corresponds to a 11 ϭa 22 ϭ1, a 12 ϭ0; the dotted line corresponds to a 11 ϭa 22 ϭ1, a 12 ϭ0.75). Note, that in this case ϽLӶR, and the ''quantum'' interference effects for interwall collisions are smaller than classical.
In the opposite case of R/LӶ1, the (y,z) coordinates of collisions with the opposite walls are separated from each other by a distance much larger than the size of the inhomogeneities. Therefore, the consecutive collisions are, on average, uncorrelated even if there is strong interwall correlations of inhomogeneities on the scale R. In this case, the dependence on the interwall correlations a 12 should disappear from the equations. The only exception is the ultraquantum case ϳL when both consecutive collisions are within the same quantum ''reaction zone'' and, obviously, interfere with each other. Since the typical values of the wavelength ϳ1/p F ϳL/S, the interwall correlations for R/LӶ1 should be noticeable only for small S. This situation is illustrated by Eqs. ͑84͒ and ͑85͒ for p F RӶ1. At large S ͑Fig. 4͒, the contribution from the interwall correlation amplitude a 12 has a purely oscillatory character and vanishes completely from the equations after the summation ͑averaging͒ over the energy levels jЈ. When S is small ͑Fig. 5͒, the summation over jЈ is insufficient to mask interwall correlations and the interwall contribution is an oscillating function of S: the dotted line (a 12 ϭ0.75) is either above or below the solid line (a 12 ϭ0), depending on the value of S. At larger S ͑Fig. 4͒, the dotted line becomes indistinguishable from the solid one.
Away from these limiting cases, the contribution from interwall correlations to the scattering probability is characterized by the factor a 12 (Ϫ1) jϩ jЈ without any general restrictions on relevant values of j, jЈ. The resulting effect can be, depending on parameters, constructive, as in Eq. ͑79͒, destructive, or mixed, as in Fig. 5 . The destructive interference is illustrated in Fig. 7 25 for the limiting case RӷL are performed only for one and two occupied minibands (S ϭ1;2) and are much less general than our analytical and numerical multiband results of Secs. IV and V for an arbitrary relation between R and L. Reference 25, in contrast to previous calculations, contains the interwall term in the matrix elements ͑2.15͒; however, the analysis of the effect of interwall correlations on transport is missing.
The authors of Ref. 28 used the S matrix 37 for scattering by one random rough wall in order to derive the quasiclassical boundary condition for the distribution function. The authors solved the quasiclassical Boltzmann transport equation with this boundary condition, and calculated the conductivity ͑the low-momentum cutoff, in contrast to Sec. IV E, was fixed by impurity scattering͒. The transition to the quantum equations was achieved by replacing p x by j/L and summation over j instead of integration. This procedure effectively replaced the inversion of matrices when solving the quantum matrix transport equation by quantization of the classically inverted operator. This approach is valid for p F RӶ1. In the presence of interband transitions, the results based on Ref. 28 should be much less accurate. In addition, the method in Ref. 28 cannot describe the effect of interwall correlations or the quantum transport equation for the anomalous region.
VI. SUMMARY AND DISCUSSION
We performed a rigorous diagrammatic derivation of the transport equation for particles in thin films and narrow channels with random rough walls. Together with our technique of mapping of a transport problem with scattering by random surface inhomogeneities onto an equivalent bulk problem, these results present a consistent approach to ͑bal-listic͒ transport between walls with slight random roughness.
The main finding is that the standard transport equation fails when the distance between quantized energy levels for the motion across the film ⍀ i j is comparable to the wallinduced effective perturbation 1/ . In this anomalous quantum resonance region, the equations become more complicated than and differ from those for scattering by bulk impurities. This difference is explained by a peculiar operator form of the wall-induced effective perturbation. We analyzed the corresponding range of parameters and determined the magnitude of the anomaly by calculating the mobility of degenerate particles for the Gaussian correlation function of surface inhomogeneities.
In this anomalous range our previous coordinate transformation [40] [41] [42] should be modified to make the Jacobian Jϭ1 and the perturbation operators Hermitian. This change brings unusual supplemental correlators of surface inhomogeneities into equations. Outside of this range of parameters, our original transformation leads to accurate results, and the supplemental correlators disappear.
Inside this special quantum range of parameters, the effective transport equation with wall scattering is extremely cumbersome. Beyond this range, the transport equation for particle scattering by random rough walls is essentially the same as for scattering by impurities and is relatively simple. According to Eqs. ͑73͒-͑75͒, the anomalous region corresponds to a moderately large number of occupied states S for quantized finite motion across the film, when This anomaly can be best observed for not very small amplitude of surface inhomogeneities l. In addition to solving the transport equation with Gaussian correlations numerically in a wide range of parameters, we obtained analytical expressions for the transport coefficients in the limiting cases of long wave ballistic particles p F RӶ1 and very close walls L/RӶ1 for both quantum and quasiclassical motion in the direction perpendicular to the walls and an arbitrary form of the correlation function.
The effect of interwall correlations of inhomogeneities on opposite walls is nontrivial. Depending on parameters, the interwall correlations can either decrease or increase particle mobility. Sometimes the effect of interwall correlations is an oscillating function of the number of occupied minibands S depending on whether S is odd or even. The effect of interwall correlations disappears for large S except the case of the ultranarrow clearance between the walls.
The quasiclassical ballistic transport in thick films can retain certain quantum interference features related to a residual constructive or destructive interference between the particles reflected from the opposite walls irrespective of how far apart are the walls. In this sense, the truly classical transport results for thick films should involve finite bulk attenuation.
The developed transport formalism provides a starting point for a study of the interference between wall and bulk scattering processes.
